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We discuss a constraint on the scale ΛNC of noncommutative (NC) gauge field theory arising
from consideration of the big bang nucleosynthesis (BBN) of light elements. The propagation of
neutrinos in the NC background described by an antisymmetric tensor θµν does result in a tree-level
vector-like coupling to photons in a generation-independent manner, raising thus a possibility to
have an appreciable contribution of three light right-handed (RH) fields to the energy density of
the universe at nucleosynthesis time. Considering elastic scattering processes of the RH neutrinos
off charged plasma constituents at a given cosmological epoch, we obtain for a conservative limit
on an effective number of additional doublet neutrinos, ∆Nν = 1, a bound ΛNC
>
∼ 3 TeV. With
a more stringent requirement, ∆Nν <
∼
0.2, the bound is considerably improved, ΛNC
>
∼ 103 TeV.
For our bounds the θ-expansion of the NC action stays always meaningful, since the decoupling
temperature of the RH species is perseveringly much less than the inferred bound for the scale of
noncommutativity.
PACS numbers: 11.10.Nx, 12.38.-t, 26.35.+c
Our main motivation to discuss a constraint on the
scale of noncommutative (NC) gauge field theory [1],
ΛNC, arising from the big bang nucleosynthesis (BBN)
of light elements is physically first due to the possibility
of a direct coupling of neutral particles to gauge bosons
in the NC background [2]. Such a background plays the
role of an external field in the theory. It will imply only a
vector-like coupling between photons and neutrinos in a
U(1) gauge-invariant way, thus endowing otherwise ster-
ile right-handed (RH) neutrino components a new inter-
action. This makes the early universe nucleosynthesis a
perfect arena to set a constraint for this interaction, giv-
ing us in turn a bound on ΛNC if neutrinos are Dirac
particles. The coupling of matter fields to Abelian gauge
bosons is a NC analogue of the usual minimal coupling
scheme. It is possible to extend the model [2] to the NC
electroweak model based on the other gauge groups [4, 5].
Second reason is that the NC version of standard model
(SM) [4] appears to be anomaly free [6] and it does have
remarkable well behaved one-loop quantum corrections
[7], as well as some other models do [8, 9]. Third is that
such models [1]-[5], up to first order in θ-expansion and
up to one-loop, do not lead to a violation of a dispersion
relation for a quanta propagating in the vacuum [8, 10];
they however do break Lorentz symmetry.
The NC gauge theory that we use belongs to a class of
models that expand the NC action in θ before quantiza-
tion [1]. These models differs fundamentally from other
approaches [11, 12, 13] based on star(⋆)-products that
are not θ-expanded and do not use the enveloping alge-
bra and the Seiberg-Witten (SW) map [3]. Note here that
the ⋆-product, a non-local bilinear expression in the fields
and their derivatives, takes the form of a series in anti-
symmetric tensor θµν . The models very nicely capture
new interactions and violations of spacetime symmetries
induced by noncommutativity.
In the model of ref. [2] Seiberg–Witten maps are nec-
essary to express the noncommutative fields ψ̂, Âµ, (and
their derivatives) that appear in the action and trans-
form under NC gauge transformations, in terms of their
asymptotic commutative counterparts ψ and Aµ.
So, we choose a perturbative approach to the NC gauge
field theory in which the action is expanded in powers of
a Poisson tensor θµν defined via ⋆-commutator, xµ ⋆xν−
xν ⋆ xµ = ihθµν . Here, the noncommutative deformation
parameter h = 1/Λ2
NC
fix the NC scale, while the θµν is
dimensionless tensor with the square of matrix elements
of order one.
That model is meant to provide an effective description
of spacetime noncommutativity involving the photon–
neutrino contact interaction [2]. It describes the scatter-
ing of particles that enter from an asymptotically com-
mutative region into the NC interaction region.
Neutrinos do not carry an electromagnetic charge and
hence do not directly couple to photons, at least not in a
commutative setting. In the presence of spacetime non-
commutativity, it is, however, possible to couple neutral
particles to photons via a ⋆-commutator. The relevant
NC covariant derivative expanded to the lowest order
read
D̂µψ̂ = ∂µψ̂ − iκeÂµ ⋆ ψ̂ + iκeψ̂ ⋆ Âµ (1)
= ∂µψ̂ + κehθ
νρ ∂νÂµ ∂ρψ̂ ,
with the ⋆-product and a coupling κe that corresponds
to a multiple (or fraction) κ of the electric charge e.
To the order considered in this report, κ can be ab-
sorbed in a rescaling of the deformation parameter h.
The ⋆-product is associative but, in general, not commu-
tative; otherwise the proposed coupling to the NC photon
field Âµ would of course be zero.
2In the first equation of (1), one may think of the NC
neutrino field ψ̂ as having left charge +κe, right charge
−κe and total charge zero. From the perspective of non-
Abelian gauge theory, one could also say that the neu-
trino field is charged in a noncommutative analogue of
the adjoint representation with the matrix multiplication
replaced by the ⋆-product. For this model where only the
neutrino has dual left and right charges, κ = 1 is required
by the gauge invariance of the action.
From a geometric point of view, photons do not di-
rectly couple to the “bare” commutative neutrino fields,
but rather modify the NC background.
Concerning the physics to be investigated, the picture
that we have in mind is that of a spacetime that has a
continuous ‘commutative’ description at low energies and
long distances, but a NC structure at high energies and
short distances. At high energies we can model space-
time using ⋆-products. This description is expected not
to be valid at low energies. The technical consequence
is that we expand up to a certain order in θ and con-
sider renormalization of this truncated theory up to the
same order in θ [7, 8, 9]. It is obvious that in this trun-
cated theory no UV/IR mixing effects would appear [12].
This reflects very well our assumption: At low energies
and large distances the noncommutative theory has to be
modified.
The action for a neutral fermion that couples to an
Abelian gauge boson in the NC background is:
S =
∫
d4x
(
ψ̂ ⋆ iγµD̂µψ̂ −mψ̂ ⋆ ψ̂
)
. (2)
Here ψ̂ = ψ + ehθνρAρ∂νψ is the NC “chiral” fermion
field expanded by the “chiral” SW map and Âµ =
Aµ + ehθ
ρνAν
[
∂ρAµ − 12∂µAρ
]
is the Abelian NC gauge
potential expanded by the ordinary SW map. Note that
a “chiral” Seiberg-Witten map is compatible with grand
unified models where fermion multiplets are chiral [5].
The above action is gauge-invariant under the noncom-
mutative U(1)-gauge transformations.
After the SW and the ⋆-product expansions we obtain
the following electromagnetically gauge-invariant action
at order h for photons and neutrinos in terms of commu-
tative fields and parameters:
S =
∫
d4xψ¯
[
(iγµ∂µ −m)
− e
2
hAµν (iθ
µνρ∂ρ − θµνm)
]
ψ , (3)
with θµνρ = θµνγρ + θνργµ + θρµγν. It is interesting to
note that for the massless case, Eq. (3) reduces to the
coupling between the stress–energy tensor of a neutrino
T µν and the symmetric tensor composed of θµν and Aµν .
This nicely illustrates our assertion that we are seeing
the interaction of the neutrino with a modified photon–θ
background. In the above we have Aµν = ∂µAν − ∂νAµ.
From (3) we extract the following Feynman rule for
massless left(right)-handed neutrinos (the same for each
generation) [2]:
Γµ
(LR)
(ν(k)ν(k′)γ(q)) = ieh
1
2
(1∓ γ5)θµνρkνqρ , (4)
where k = k′ + q. Before starting computation of rele-
vant Feynman diagrams some important comments are
in order. When calculating S-matrix elements, one ordi-
narily uses the LSZ formalism, which is constructed by
using Lorentz invariance and implies that S-matrix ele-
ments are obtained by identifying the poles in momentum
space of some Green functions. This happens at points
satisfying the Lorentz invariant constraint p2 = m2. In
NC spacetime Lorentz invariance is broken, which means
that the poles of Green functions need not satisfy the con-
straint p2 = m2; a θ-dependence may appear and then
one should be more careful when computing S-matrix el-
ements [29]. Since we have to compute only S-matrix
elements (amplitudes) at tree level and only up to first
order in θ, the usual way of deriving matrix elements
remains valid.
Signatures of noncommutativity and/or the bounds on
the NC scale come from neutrino astrophysics [2, 14, 15],
high energy particle physics [16, 17, 18], as well as from
other low energy nonaccelerator experiments [19]. The
bound from Z → γγ decay on ΛNC, of order a few TeV
[17], is the most robust due to the finite one-loop quan-
tum corrections of the gauge sector of the nmNCSM [7].
In the following we are going to place, for the first time, a
bound on the spacetime noncommutativity from cosmol-
ogy, by making use of the BBN restriction on the number
of neutrino species.
For several past decades, the BBN has established itself
as one of the most powerful available probes of physics
beyond the SM, giving many interesting constraints on
particle properties (an extensive summary is available,
for instance, in [20]). The BBN had begun to play a
central role in constraining particle properties since the
seminal paper of Steigman, Schramm and Gunn [21], in
which the observation-based determination of the pri-
mordial abundance of 4He was used for the first time
to constrain the number of light neutrino species. Later,
with the inclusion of other light element abundances (D,
3He and 7Li) and their successful agreement with the the-
oretically predicted abundances, many aspects of physics
beyond SM can have been further constrained [22].
One uses to parametrize the energy density of new rela-
tivistic particles at the time of BBN in terms of the effec-
tive additional number of neutrino species, ∆Nν , whose
determination requires both a lower limit to the barion-
to-photon ratio (η ≡ nb/nγ) and an upper bound for the
primordial mass fraction of 4He, Yp [23]. By increasing
∆Nν increases the Hubble expansion rate, causing higher
freeze-out temperature for the weak interaction reactions
and therefore larger neutron fraction, resulting eventu-
3ally in a larger value of Yp. With the WMAP value for η
[24], Yp was predicted to increase [25], having a tendency
to loosen the tight bounds on ∆Nν that existed before.
With a recent reanalysis [26] of the observed primordial
4He abundance, and its uncertainties, even the higher
mean value for Yp was predicted (0.2495). Consequently,
the limits to ∆Nν get relaxed. Therefore, in our analysis
∆Nν = 1 will be employed as a central value to constrain
nonstandard physics, a marginally conservative limit for
the assessment [26].
The energy density of 3 light RH neutrinos during the
BBN is equivalent to the effective number ∆Nν of addi-
tional doublet neutrinos
∆Nν =
3∑
i=1
gi
2
(
TνR
TνL
)4
, (5)
where the number of spin degrees of freedom gi = 2 and
TνL is the temperature of the SM neutrinos, being the
same as that of photons down to T ∼ 1 MeV. Hence we
have
3
(
TνR
TνL
)4
<∼ ∆Nν,max . (6)
How the temperature of νRs, decoupled at Tdec, relates
to the temperature of still interacting νLs below Tdec,
stems easily from the fact that the entropy in the decou-
pled species and the entropy in the still interacting ones
are separately conserved. The ratio of the temperatures
is a function of Tdec, and is given by [27] [30]
TνR
TνL
=
[
g∗νR(Tdec)
g∗νR(TνL)
g∗S(TνL)
g∗S(Tdec)
]1/3
, (7)
where g∗νR and g∗S are the degrees of freedom specify-
ing the entropy of the decoupled and of the interacting
species, respectively [20, 28]. Now, combining (6) with
(7) and noting that at the time of BBN g∗S(∼ MeV ) =
10.75, one arrives at
g∗S(Tdec)
>∼ 24.5
(∆Nν,max)3/4
. (8)
With the conservative bound ∆Nν,max = 1, (8) implies
g∗S(Tdec) > 24.5 which in turn enforces Tdec > TC ,
where TC is the critical temperature for the deconfine-
ment restoration phase transition, TC ∼ 200 MeV.
Using the nonstandard ν¯νγ vertex as given by (4),
the cross section for scattering of the RH neutrino off
a charged fermion (with a charge e) in the early universe
is calculated to be
σscatt ≃ 36 α2
E2
Λ4
NC
, (9)
where α is the fine-structure constant. A remark is in or-
der regarding arrival to (9). The forward scattering gives
rise to a logarithmic singularity, ln(qmax/qmin), which we
regularize by using a Debye mass, qmin = mel ≃ eT/
√
3 .
Also, the mass of the charged fermion is neglected in (9).
The RH neutrino is commonly considered to decouple
at the temperature Tdec when the condition
Γscatt(Tdec) ≃ H(Tdec) , (10)
is satisfied. Here Γscatt = < nscatt σscatt v > is the
thermally-averaged scattering rate, and expansion rate
of the universe in the radiation-dominated epoch is given
by
H ≃ 1.66 g1/2∗
T 2
MPl
, (11)
where T denotes a common temperature for the interact-
ing species. Here g∗ counts degrees of freedom specifying
the energy density and coincides with g∗S always when
particle species have a common temperature.
Using nscatt ≃ 0.18 T 3, E ≃ 9 T and σscatt from (9),
we obtain the following decoupling temperature
Tdec ≃ 0.5 α−2/3M−1/3Pl Λ
4/3
NC
. (12)
Now, by imposing a constraint Tdec > TC ∼ 200 MeV,
and counting all charged fermions present in the cosmo-
logical epoch between TC and a neighboring quark mass
above TC , we find ΛNC
>∼ 3 TeV. With the inclusion of
electrons, muons and s quarks, this is our result based
on the conservative bound ∆Nν,max = 1.
A new analysis of the 4He abundance [26], indicating a
shift in the mean value of Yp, quoted also a relaxed limits
to ∆Nν compared to those that had existed before (for
a review see again [20]). This also diminishes a potential
for BBN to constrain nonstandard physics, reducing also
our bound on ΛNC. One can hope that constant effort in
improving the precision of the observation of primordial
abundances of light elements will result in tighten limits
to ∆Nν once again. This would also have important con-
sequences for our bound too. For instance, ∆Nν <∼ 0.2
would enforce Tdec close to a critical temperature of the
electroweak phase transition, Tdec <∼ 300 GeV, implying
in turn a significantly better limit, ΛNC
>∼ 103 TeV.
This limit purports inclusion of all the charged leptons
and quarks (as seen from the Table 1. in [20]).
Finally, a remark on the consistency of our approach
is in order. As seen from (4), the perturbative expansion
in terms of the scale of noncommutaivity ΛNC retains its
meaningful character only if E2/Λ2
NC
<∼ 1, where E is
the characteristic energy for a process. For a cosmological
setting, as given above, this translates to T 2dec/Λ
2
NC
<∼ 1.
Our bounds always fulfill this constraint.
In conclusion, we have demonstrated how the BBN
bounds on the scale of spacetime noncommutativity ap-
pear among the best ones even for large errors inherent in
observation of primordial abundances of light elements,
4which sensibly diminishes the potential of the method.
We have also shown that with improving the precision
of observation, the BBN bounds could easily become the
strongest restriction on the scale of noncommutativity.
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